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Abstract 

The competition graph of a digraph D is a (simple undirected) graph which has the 
same vertex set as D and has an edge between two distinct vertices x and y if and 
only if there exists a vertex f in D such that {x,v) and {y,v) are arcs of D. For 
any graph G, G together with sufficiently many isolated vertices is the competition 
graph of some acyclic digraph. The competition number k{G) of a graph G is 
the smallest number of such isolated vertices. Computing the competition number 
of a graph is an NP-hard problem in general and has been one of the important 
research problems in the study of competition graphs. Opsut [1982] showed that 
the competition number of a graph G is related to the edge clique cover number 
OEiG) of the graph G via ^^(G) - \V{G)\ + 2 < k{G) < Oe^G). We first show that 
for any positive integer m satisfying 2 < m < there exists a graph G with 

k{G) = 6e{G) — |V^(G)| + m and characterize a graph G satisfying k{G) = 6e{G). 
We then focus on what we call competitively tight graphs G which satisfy the lower 
bound, i.e., k{G) = 9e{G) — \V{G)\-\-2. We completely characterize the competitively 
tight graphs having at most two triangles. In addition, we provide a new upper 
bound for the competition number of a graph from which we derive a sufficient 
condition and a necessary condition for a graph to be competitively tight. 

Keywords: Competition graph; Competition number; Edge clique cover; Upper 
bound; Competitively tight 
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1. Introduction 

Let D be a digraph. The competition graph of D, denoted by C{D), is the 
(simple undirected) graph which has the same vertex set as D and has an edge 
between two distinct vertices x and y if and only if there exists a vertex v in D 
such that (x, f) and {y,v) are arcs of D. The notion of competition graph is due 
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to Cohen For any graph G, G together with sufficiently many isolated vertices 
is the competition graph of an acyclic digraph. From this observation, Roberts 
defined the competition number k{G) of a graph G to be the minimum integer k 
such that G together with k isolated vertices is the competition graph of an acyclic 
digraph. 

It does not seem to be easy in general to compute the competition number k{G) 
for a given graph G, as Opsut showed that the computation of the competition 
number of a graph is an NP-hard problem. To compute exact values or give bounds 
for the competition numbers of graphs has been one of the foremost problems in the 
study of competition graphs (see |2|] for a survey). 

There is a well-known upper and lower bound for the competition numbers of 
arbitrary graphs due to Opsut [s). A subset S C V{G) of the vertex set of a graph 
G is called a clique of G if the subgraph G[S] of G induced by S* is a complete graph. 
For a clique S* of a graph G and an edge e of G, we say e is covered by S if both 
of the endvertices of e are contained in S. An edge clique cover of a graph G is 
a family of cliques of G such that each edge of G is covered by some clique in the 
family. The edge clique cover number of a graph G, denoted 6e{G), is the minimum 
size of an edge clique cover of G. Opsut showed the following. 

Theorem 1.1 (j^, Propositions 5 and 7]). For any graph G, 9e{G) — \V{G)\ + 2 < 
kiG)<eEiG). 

We note that the upper bound in Theorem II. II can be rewritten as Oe{G) — \ V{G) \ + 
\V{G)\, which leads us to ask: For any integers m, n satisfying 2 < m < n, does 
there exist a graph G such that |y(G)| = n and k{G) = 6e{G) —n + ml The answer 
is yes by the following proposition: 

Proposition 1.2. For any integers m and n satisfying 2 < m < n, there exists a 
graph G such that \V{G) \ = n and k{G) = 9e{G) — n + m. 

Proof. Let V = {vi, . . . , t>„} and G be a graph on V with the edge set consisting 
of the edges of the path viV2 ■ ■ ■ Vn-m+i and the edges of the complete graph with 
vertex set {vn-m+i, ■ ■ ■ , ^n}- Since G is chordal, k{G) = 1 (see P). It is easy to see 
that eE{G) = (n - m) + 1. Thus k{G) = ^^^(G) - n + m. □ 

The upper bound in Theorem 11.11 is obtained by only very special graphs as the 
following proposition states. 

Proposition 1.3. Let G be a graph with n vertices. Then the equality k(G) = 9e{G) 
holds if and only if G is the complete graph or G is the edgeless graph In. 

Proof. If G = Kn, then k{G) = 1 = ^^(G). If G = then k{G) = = ^s(G). 
Suppose that G ^ and G ^ In- There exists an edge clique cover {Si, . . . , 5^} 
of G, where r = 6e{G). Note that r > 1 since G ^ In, and there exists a vertex 
V G V{G) \ Si since G 7^ Kn- Take vertices Z2, ■ ■ ■ ,Zr not in G. We define a digraph 
D by V{D) := V{G) U /* and A{D) := {{x,v) : x E Si} U A*, where /* and A* are 
defined as follows. If r = 1, then I* = 0. Otherwise, /* = {z2, . . . ,Zr}. If r = 1, 
then A* = 0. Otherwise, A* = Ul^2{i^,Zi) : x e S^}. Thus we have k{G) < r - 1, 
which implies that k{G) 7^ 9e{G). Hence the claim is true. □ 
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Then it is natural to ask: By which graphs is the lower bound in Theorem 11.1 
achieved? To answer this question, we introduce the following notion. 

Definition. A graph G is said to be competitively tight if it satisfies k{G) = 9e{G) — 



We can show by the following result that any triangle-free graph G satisfying 
1^(^)1 > \V{G) \ - 1 is competitively tight. 

Theorem 1.4 (0, Theorem 8]). // a graph G is triangle-free, then 



By this theorem, we know that a triangle-free graph G without isolated vertices 
satisfying 1^(^)1 > \V{G)\-l > has the competition number \E{G)\-\V{G)\+2. 
We also know that a triangle-free graph G with isolated vertices satisfying |-E(G')| > 
2 > has the competition number \E{G)\ — \V{G)\ + 2. Since a triangle-free 
graph G satisfies 6e{G) = \E{G)\, the lower bound in Theorem 11.11 is achieved by 
any triangle-free graph G without isolated vertices satisfying |-E(G')| > |\^(G')| — 1 
or any triangle-free graph G with isolated vertices satisfying |-E'(G')| > |y(G')| — 2. 
Conversely, if a graph G satisfies \V{G)\ = 1, then \E{G) \ - \ ViG)\ +2 = 1 while 
k{G) = 0. If a triangle-free graph G has no isolated vertices and 1-^(^)1 < |y(G')|— 2, 
then it cannot be competitively tight since k{G) = 1. If a triangle- free graph G has 
isolated vertices and < — 3, then it cannot be competitively tight 

since k{G) is nonnegative. Thus the competitively tight triangle-free graphs can be 
characterized as follows: 

Corollary 1.5. A triangle-free graph G is competitively tight if and only if\V{G)\ > 
2 and G satisfies one of the following: 

(i) G has no isolated vertices and \E{G)\ > \V{G) \ — 1; 

(ii) G has isolated vertices and \E{G)\ > \V{G) \ — 2. 

2. Competitively tight graphs 

We begin this section by presenting simple but useful results which show how to 
obtain competitively tight graphs from existing ones. 

Lemma 2.1. Let G be a graph and t be a nonnegative integer. Then we have 
k{G U It) > k{G) - t, and k{G U h) = k{G) - t holds if and only zfO<t< k{G). 

Proof Suppose that < t < k{G). Let k = k{G). Then GUh = {GUlt)Ulk-t is the 
competition graph of an acyclic digraph. Thus we have k{GUlt) < k — t = k{G) —t. 
To show that k{G U It) > k{G) - 1, let k' = k{G U h). Then {G U It) Uhi = GU h+k' 
is the competition graph of an acyclic digraph. Thus we have k{G) < t -\- k', i.e. 
k{G) - t<k' = k{GU It). Hence we have k{G U h) = k{G) - t. If k{G) < t, then 
we have k{G) — t < < k{G U It). Hence the lemma is true. □ 



|V^(G)|+2. 




max{l, \E{G)\ 
max{0, \E{G)\ 



\V{G)\+2} 
\V{G)\+2} 
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Proposition 2.2. Suppose that a graph G is competitively tight. Let t be an integer 
such that < t < k{G). Then the graph GU It is competitively tight. 



Proof. Since G is competitively tight, k{G) = 9e{G) - \V{G) \ + 2. Since < t < 
k{G), by Lemma EH k{G U /*) = k{G) - t holds. In addition, OsiG U h) = ^ij(G) 
holds. Thus we have k{GUlt) = Oe^G) - \V{G)\ + 2-t = OE^GUlt) - \V{GUlt)\ + 2. 



Proposition 2.3. Suppose that a graph G (7^ K2) is competitively tight and that G 
has a vertex v which is isolated or pendant. Then the graph G — v obtained from G 
by deleting v is competitively tight. 

Proof. Since G is competitively tight, k{G) = 9e{G) — \ V{G) \ + 2. First, suppose 
that G has an isolated vertex v. Since v is isolated, 6e{G — v) = 6e{G). By Lemma 
EH >k{G-v)~l. So we have k{G-v) < k{G) + l = eEiG)-\V{G)\+2 + l = 
9E{G-v)-\ViG-v)\ + 2. By Theorem[ni k{G-v) > 9e{G -v) -\ViG -v)\ + 2. 
Hence we have k{G—v) = 9e{G—v) — \V{G—v)\ + 2, i.e., G—v is competitively tight. 
Second, suppose that G has a pendant vertex v. Note that 9e{G — v) = 9e{G) — 1 
and \ V{G -v)\ = \V{G)\ - I. Obviously k{G -v) = k{G) when G ^ K2. Hence we 
have k{G — v) = 9e{G — v) — \ V{G — f )| + 2, i.e., G — f is competitively tight. □ 

Due to Propositions 12.21 and 12. 3[ when we consider competitively tight graphs 
G, we may assume that the minimum degree of G is at least two. 

We now begin the examination of competitively tight graphs which are not 
triangle-free. To this end, we recall several results of Kim and Roberts [sj which 
determine the competition numbers of various graphs with triangles of varying com- 
plexity. They found the competition number of a graph with exactly one triangle 
as the following theorem illustrates. 

Theorem 2.4 (j^. Corollary 7]). Suppose that a graph G is connected and has exactly 
one triangle. Then 



Let G be a connected graph with exactly one triangle. Then 9e{G) = \E{G) \ — 
2. If G has a cycle of length at least four, then k{G) = 9e{,G) - \V{G)\ + 2 by 
Theorem 12. 4[ Otherwise, k{G) = 9e{G) — \ V{G) \ +3 by the same theorem. Now we 
have a characterization for the connected competitively tight graphs with exactly 
one triangle. 

Proposition 2.5. A connected graph with exactly one triangle is competitively tight 
if and only if it has a cycle of length at least four. 

Kim and Roberts |6!] also determined the competition number of a graph with 
exactly two triangles. To do so, they defined VC(G) for a graph G as 



Let Qi (resp. Q2) be the family of graphs that can be obtained from Graph I (resp. 
one of the Graphs II- V) in Figure [T] by subdividing edges except those on triangles. 



Hence G U It is competitively tight. 



□ 




if G has a cycle of length at least four, 



VC(G) := {v G V{G) : t> is a vertex on a cycle of G}. 
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Figure 1: Graphs with exactly two triangles 



Theorem 2.6 (p, Theorem 9]). Suppose that a connected graph G has exactly two 
triangles which share one of their edges. Then 

(a) k{G) = \E{G)\ — \V{G)\ if G is chordal or if the subgraph induced by VC(G) 
is in Qi, and 

(b) k{G) = \E{G)\ - \V{G)\ - 1 otherwise. 

Theorem 2.7 ([gI, Theorem 10]). Suppose that a connected graph G has exactly two 
triangles which are edge- disjoint. Then 

(a) k{G) = \E{G)\-\V{G)\ifG is chordal, 

(b) k{G) = \E{G) \ — \ V{G) \ — 1 if G has exactly one cycle of length at least four 
as an induced subgraph or if the subgraph induced by VC(G) is in Q1LIQ2, and 

(c) k{G) = \E{G)\ - \ V{G)\ - 2 otherwise. 

From these two theorems, we may characterize the competitively tight graphs with 
exactly two triangles. A cycle of length at least four in a graph G is called a hole 
of G if it is an induced subgraph of G. The number of holes of a graph is closely 
related to its competition number (see j3, E|). 

Theorem 2.8. A connected graph G with exactly two triangles is competitively tight 
if and only if G is not chordal and satisfies one of the following: 

(i) the two triangles share one of their edges and the subgraph induced by VC{G) 
is not in Qi; 

(ii) the two triangles are edge- disjoint, G contains at least two holes, and the sub- 
graph induced by VC(G') is not in Q1UQ2. 

Proof. Let Ai and A2 be the two triangles of G. If Ai and A2 share an edge, then 
eE{G) = \E{G)\-3. If Ai and A2 are edge-disjoint, then ^^(G) = \E{G)\-A. First, 
we show the "if part. If (i) holds, then G satisfies the hypothesis of Theorem l2. 61 (b) 
andsofc(G') = \E{G)\-\V{G)\-1 = eEiG)-\V{G)\+2. If (ii) holds, then G satisfies 
the hypothesis of Theorem 0(c), k{G) = \E{G)\-\V{G)\-2 = eE{G)-\ViG)\+2. 
Second, we show the "only if part by contradiction. Suppose that G is chordal. 
Then, by Theorems I^IS] and [23 k{G) = \E{G)\-\V{G)\ 01 \E{G)\-\V{G)\-l, none 
of which equals 6e{G) — \V{G)\-\-2. Thus if G is chordal, then G is not competitively 
tight. Suppose that neither (i) nor (ii) holds. We consider the case where Ai and 
A2 share an edge. Then, by Theorem 12.61 (a), VC{G) induces a graph in Qi and so 
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k{G) = \E{G)\ - \V{G)\, which does not equal {\E{G)\-3) - |V^(G')| +2 = 9e{G) - 
\V{G) \ + 2. Now we consider the case where Ai and A2 are edge-disjoint. Then G 
contains exactly one hole or VC{G) induces a graph in QiUQ2- By Theorem 12.71 (b). 
HG) = \EiG)\ - \ViG)\ - 1 ^ -4) - \ViG)\ + 2 = e^iG) - +2. □ 

It does not seem to be easy to characterize the competitively tight graph with 
exactly three triangles. Yet, we can show that there exists a competitively tight 
graph with exactly n triangles for each nonnegative integer n. We first give a new 
upper bound which improves the one given in Theorem II. 1[ Let G be a graph and 
F be a subset of the edge set of G. We denote by Oe{F; G) the minimum size of a 
family S of cliques of G such that each edge in F is covered by some chque in the 
family S (cf. [lO|). We also need to introduce some notations. For a graph G, we 
define 

E/\iG) := {e G E{G) : e is contained in a triangle in G}, 
Ea{G) := {e G E{G) : e is not contained in any triangle in G}. 

Note that Ea{G) U ^a(G) = E{G) and Fa(G) n ^a(G) = 0, and we can easily 
check the following lemma from the definitions. 

Lemma 2.9. For any graph G, Oe^G) = OEiE^^G)- G) + |^a(G)|. 

Now we present a new upper bound for the competition number of a graph. 

Theorem 2.10. For any graph G, 

k{G) < ^£;(Ea(G);G) +max{min{l, |:Ba(G)|}, |Ea(G)| - |V(G)| +2}. 

Proof. Let H be the graph obtained from G by deleting the edges in i?A(G), i.e., 
H := G — £^a(G). Then H is triangle-free and so, by Theorem ll.4[ 

k{H) < max{min{l, \E{H)\}, \E{H)\ - \V{H)\ + 2}. 

Since V{H) = V{G), E{H) = £'a(G), the above inequality is equivalent to 

k{H) < max{min{l, |:Ea(G)|}, |:Ea(G)| - \V{G)\ + 2}. 

Let be an acyclic digraph such that G{D^) = H U Ik{H)- Let 5 be a family of 
cliques of G of size 6e{E/\{G)] G) such that each edge in E/\{G) is covered by some 
clique in S. We define a digraph D by 

V{D) ■=V{D-)U{zs : S eS} and A{D) := A{D-) U \J {{v, Zs) : v e S}. 

Then D is acyclic, and C{D) = G U Ik{H) U {25 : S E S}. Therefore 

kiG) < |5| + A;(/f) <0s(EA(G);G)+max{min{l,|EA(G)|},|EA(G)|-|V(G)|+2}. 

Thus the theorem is true. □ 
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Figure 2: Ge,2- 



Remark 2.11. The upper bound given in Theorem I2.1UI is always better than the 
upper bound in Theorem ll.li Indeed, the following inequality holds for any graph 
G 

^e(Ea(G); G) + max{min{l, \E^{G)\}, \Ea{G)\ - \V{G)\ + 2} < ^^(G). 

Proof. If |-E'a(G')| = 0, then the left hand side of the above inequality is equal to 
6e{Ei^,{G)] G) which is less than or equal to 6e{G). Now suppose that |_Ea(G')| > 1. 
Then min{l, \E/x{G)\} = 1 and the left hand side is equal to 9e{E^{G); G) + 1 or 
9e{Ea{G);G) + \Ea{G)\-\V{G)\ + 2. In addition, |F(G')| > 2^ Since \Ea{G)\ > 1 
and \V{G)\ > 2, both ^e(Ea(G'); G) + 1 and_^£;(EA(G); G) + |Ea(G)| - |\^(G)| + 2 
are less than or equal to 6e{Ei^,{G)]G) + |-Ea(G)|. Thus, the inequality holds by 
Lemma 12.91 □ 

As a corollary of Theorem 12. 10^ we obtain the following result which gives a 
sufficient condition for graphs to be competitively tight. 

Corollary 2.12. If a graph G satisfies |^a(G)| > \V{G)\-i{G)-l andi{G) < k{G) 
where i{G) is the number of isolated vertices of G, then G is competitively tight. 

Proof. Let G' be the graph obtained by deleting the isolated vertices from G. Since 
i{G) < k{G), it follows from Lemma O that k{G) = k{G')-i{G). Since k{G) > 0, 
we have i{G) < k{G'). Thus, by Proposition 12. 2[ it is sufficient to show that G' is 
compe_titively tight. Since |Ea(G')H I^a(G)| and \V{G')\ = \V{G)\ -_i(G), we 
have |^a(G')| > |l^(G')|-l and so |Ea(G')| - |V(G')| +2 >J > min{l, |Ea(G')|}. 
By Lemma ED and Theorem Eini k{G') < ^e(^a(G'); G') + |^a(G')|-|1^(G')|+2 = 
9e{G') - \V{G')\+2. By Theorem [TH we obtain k{G') = 9e{G') - |V(G')| + 2. □ 

We present a family of graphs satisfying the sufficient condition for a graph being 
competitively tight. Let t and n be positive integers with t > 3. Let Gt^n be the 
connected graph defined by 

{Vi, . . .,V3tn}, 

n-1 

{ViVi+i : 1 < Z < 3tn - 1} U y {v3tm+3iV3tm+3j : 1 < ^ < J < 

m=0 



V{Gt,n) = 

E{Gt,n) = 
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(see Figure [2]). It is easy to check that E/\{Gt,n) is the Hamilton path V1V2 ■ ■ -v^tn 
of Gt,n and so \E^{Gt,n)\ = \V{G)\ - 1. 

On the other hand, each of the edges on the Hamilton path f if 2 ■ ■ ■ v^tn forms 
a maximal clique. Other than those cliques, {fstm+ai^sim+sj : 1 < z < j < t} is a 
maximal clique for each m, 0<m<n — 1. It can easily be seen that these maximal 
cliques form an edge clique cover whose size is minimum among all edge clique covers 
of Gt,n, which implies that OEiGt^n) = (3tn — 1) + n. Thus, by Corollary 12. 12[ 

k{G) = {3tn + n-l) ~3tn + 2 = n+l. 

For any positive integer n, let G = G^^n- Then fgj+sfgj+efgi+g are the only 
triangles oi G {0 < i < n — 1) and so G has exactly n triangles. As we have shown, 
it holds that k{G) =n+l = 6e{G) - \ V{G) \ + 2. Hence G is a competitively tight 
graph with exactly n triangles. 

It is also possible that a competitively tight graph has a clique of any size: For 
any positive integer t with t > 3, let G = Gt^i- Then 5* = {v-^i & V : 1 < i < t} is a. 
clique of size t of G. As we have shown, it holds that k{G) = 2 = 9e{G) — |y(G)| +2. 
Hence G is competitively tight. 

The following gives a necessary condition for graphs to be competitively tight. 

Proposition 2.13. If a graph G is competitively tight, then |-Ea(G)| > |V(G)| — 
^^i^(^A(G);G)-2. 

Proof. Since G is competitively tight, k{G) = Oe{G) — \ V{G) \ + 2 holds. By Lemma 
we have ^b(£;a(G); G) + |Ea(G)| - |\/(G)| + 2 = ^^(G)- |\/(G)| + 2 = k{G) > 0. 
Hence |^a(G)| > \V{G)\ - eE{E^{G); G) - 2. □ 

It follows from Corollary 12 . 1 2l that any graph G having exactly three triangles and 
having no isolated vertices is competitively tight if it satisfies |-E(G)| > |V(G)| + 8. 
To see why, note that |^a(G)| < 9. Since |^a(G)| = \E{G)\ - |^a(G)|, 

|Ea(G)| = \EiG)\ - |^a(G)| > {\V{G)\ + 8) - 9 > |V(G)| - i{G) - 1 

and so, by Corollary I2.12[ G is competitively tight. 

On the other hand, we know from Proposition 12. 13l that a graph G having exactly 
three triangles is not competitively tight if it satisfies |-E(G)| < |V^(G)| + 1. To show 
it, we first note that 6e{Ei^{G); G) = 3 and 7 < |£'a(G)|. Then 

|Ea(G)| = \E{G)\ - |Ea(G)| < (|V(G)| + 1) - 7 < |V(G)| - OEiE^iG); G) - 3 

and so, by Proposition I2.13[ G is not competitively tight. 

3. Further Study 

The lower bound given in Corollary 12.121 can be improved. To take a competi- 
tively tight graph which does not satisfy the condition of Corollary 12.121 let n and 
p be integers with n > 7 and 2 < p < [|J . Let G be the Cayley graph associated 
with (Z/nZ, {±1, ±2, . . . , ±p}), i.e., G is the graph defined by 

V{G) = {vi-.i eZ/nZ} and E{G) = {viVj : i - j E {±l,±2, . . . ,±p}}. 
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Then \ V{G)\ = n and |^a(G')| = 0. Therefore, |^a(G')| < 1^(^)1 - 1. As i{G) = 0, 
G does not satisfy the condition of Corollary I2.12[ 

Since any two of the edges in {viVj : i — j E are not covered by the 

same clique in G, any edge clique cover of G contains at least n cliques. Therefore, 
9e{G) > n. Since ^ij(G) < n by 0, Lemma 2.4], we have ^^(G) = n. Note that 
k{G) = 2 by @, Theorem 1.3]. Thus G is competitively tight. 

Accordingly, we propose improving the lower bound given in Corollary 12.121 as 
a further study. In a similar vein, we suggest finding out whether or not the lower 
bound given in Proposition 12.131 is sharp. 
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